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Roberto Paoletti' 



Abstract 

In recent years, the Tian-Zelditch asymptotic expansion for the 
equivariant components of the Szego kernel of a polarized complex 
projective manifold, and its subsequent generalizations in terms of 
scaling limits, have played an important role in algebraic, symplectic, 
and differential geometry. A natural question is whether there exist 
generalizations in which the projector onto the spaces of holomorphic 
sections can be replaced by the projector onto more general (non- 
complete) linear series. One case that lends itself to such analysis, 
and which is natural from the point of view of geometric quantiza- 
tion, is given by the linear series determined by imposing spectral 
bounds on an invariant self-adjoint Toeplitz operator. In this paper 
we focus on the asymptotics of the spectral projectors associated to 
slowly shrinking spectral bands. 



1 Introduction 

Let M be a d-dimensional complex projective manifold, A an ample line 
bundle on it. Suppose that h is an Hermitian metric on A, and that the 
unique connection compatible with the Hermitian and holomorphic struc- 
tures has normalized curvature B = —2iuj, where u; is a Kahler form on 
M. Then (IVm =: (l/d!)a;^'^ is a volume form on M, with total volume 
vol(M) =: (vrVd!) /^,Ci(A)^ 

The dual line bundle A ^ = naturally inherits an Hermitian structure, 
and the unit circle bundle X C is a principal 5'^-bundle on M; let vr : 
X —>■ M denote the projection. Then A is the line bundle associated to X 
and the standard representation of 5*^ on C. In particular, for every k E 1^ 
there are natural isomorphisms C°° (M, A®'^) = C°^(X)fc, where the left hand 
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side is the space of smooth global sections of A®^, and the right hand side 
denotes the fc-th isotype in C°°{X) for the S^-action. 

The normalized connection form, a G Q^{X), is a contact structure on X, 
hence dfix ='■ (l/2vr) a An* (cIVm) is a volume form on X. With these choices, 
the above isomorphisms are unitary with respect to the natural Hermitian 
structures. For = 0, 1, 2, . . . the space (M, A®*^) of global holomorphic 
sections of A'^^ corresponds to the fc-th isotype H{X)k = H{X) fl C°°{X)k 
of the Hardy space H{X) C L^(X); with this in mind, we shall occasionally 
implicitly identify (M, A®^) and H{X)k. 

The Szego projector is the orthogonal projector 11 : L'^{X) — >■ H{X)] U 
extends to a linear operator V{X) —>■ H{X) (we shall implicitly identify 
functions, densities and half-densities by the given choices). The object of 
this paper are certain asymptotic properties of S^-invariant Toeplitz oper- 
ators on X, that is, operators of the form T = 11 o P o H, where P is an 
S'^-invariant pseudodifferential operator of classical type. The S'^-invariance 
of P implies that T preserves the decomposition into S'^-isotypes, and the 
asymptotics in point refer to the Fourier decomposition. More precisely, let 
Ilfc : L'^{X) — s> H{X)k be the orthogonal projector; then T = ^^T^, where 
Tfc = Ilfc o P o Ilfc, and we are interested in the asymptotics of the spectral 
function of along the diagonal of X, for k — > +oo. 

In algebro-geometric terms, we shall thus study the local asymptotics 
of families of (possibly non-complete) linear series determined by spectral 
bounds imposed by an invariant Toeplitz operator. This way of defining 
a linear series is unorthodox in algebraic geometry, but seems quite natu- 
ral from the perspective of geometric quantization, where it corresponds to 
imposing un upper bound on, say, the total energy of the system. 

Hence, on the one hand this work specializes the local study of Toeplitz 
operators of [P] to the equivariant context; in this sense, the main Theorem 
below is an equivariant version of the local Weyl law for Toeplitz operator 
of [P]. On the other hand, it may be seen as a generalization to the Toeplitz 
context of the Tian-Zelditch asymptotic expansion [Tj, and of the scaling 
limits in |BSZj . |SZj . where the full Szego kernel H is replaced by the spectral 
function of T. 

The theme of this paper is related as well to the theory of |BPUj . which 
also deals with the asymptotics of certain spectral projectors associated to 
Toeplitz operators. The focus in |BPU] is on vector subspaces associated 
to fast narrowing bands of energy levels, and on the asymptotics at fixed 
pairs of points; in particular, it is proved in |BPUj that at a point x G X 
at energy level E eigensections of energy differing by at most ck~^ from E 
give a contribution to the full Szego kernel which grows like an appropriate 
multiple of k^~^^'^ (while the full Szego kernel grows like k'^). This raises the 
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natural question to determine how the contribution of wider energy bands 
relates to the full Szego kernel at x. Thus we consider energy bands that 
shrink at a relatively slow rate (for example, fixed bands), and estimate their 
contribution to the full Szego kernel at pairs of points converging to each 
other at a controlled rate as k ^ +00. In this discussion, 'energy' is thought 
of as a Toeplitz operator of order zero, while the result of the paper will be 
phrased in terms of first order operators; one passes from one to the other 
by composition with the elliptic Toeplitz operator associated with the circle 
action on X, which turns a fixed spectral energy band into one expanding at 
a rate linear with k. 

To describe our results, it is order to recall some notation from [BGj . 

Definition 1.1. Let X and 11 be as above. 

• A Toeplitz operator of order m G Z on X is an operator T : V{X) 
T>'{X) of the form T = 11 o P o 11, where P is a pseudodifferential 
operator of classical type of order m on X. 

• Let 

S =: r a^) : X e X, r > 0} C T*X \ {0}. 

If T : V{X) V{X) is a Toeplitz operator, its symbol ctt : S —> C is 
the restriction of the symbol of P. Thus ctt is real if T is self-adjoint. 

• The reduced symbol <jt G C°°(X) is ?t(2:) =: o't{x, ax) (x G X). If T is 
S'^-invariant, may be regarded as a smooth function on M. 

Suppose then that T is a first order S'^-invariant self-adjoint Toeplitz 
operator; set qt ='■ min<^T, At =■ max<^r- For every k, we may regard 
in a natural manner as a self-adjoint endomorphism Tk : H{X)k H{X)k- 
With this interpretation, let A^i < ■ ■ ■ < ^kNk be the eigenvalues of T^, 
repeated according to multiplicity. Then for every j 

aTk + 0{l) <\kj < ATk + 0{l) (1) 

as — >■ +CX) (a proof will be given below). For every A; = 0, 1, 2, . . ., we can 
find an orthonormal basis (cfej) of H{X)k such that Ckj is an eigenvector of 
Tk with eigenvalue Xkj, for every j = 1, . . . , X^. 

Definition 1.2. The level-k spectral function of T is 

% (a, x', x") =: Yl (^') efc, {x") (A G M, x' , x" G X). 
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Thus Tfc (a, ■, ■) G C°° {X X X) is the kernel of the orthogonal projector onto 

the span C iJ(X)fcofthe eigenspaces of corresponding to eigenvalues 
< A; in particular, it does not depend on {ckj). The asymptotic bound ([T]) 
motivates restricting attention to the asymptotics of Tk[\ k, ■, ■) as k ^ +00, 
where A is fixed. 

Our result will be expressed in Heisenberg local coordinates centered at 
a given x & X |SZj . This implies choosing first a system of preferred local 
coordinates on M centered at m =: 7r(x), meaning that the symplectic and 
complex structures on the tangent space T^M are the standard ones, and 
then a preferred local frame ei of A centered at m, meaning that the 'Hes- 
sian 'V^e^ at m is as expected in the local Heisenberg model (see |SZ] for 
a precise discussion). By |SZ] . in Heisenberg local coordinates the scaling 
limits of Szego kernels exhibit a universal nature, and the point of this work 
is that in certain ranges the same holds of the equivariant spectral functions 
of invariant Toeplitz operators. 

For any £ G N and 6 > 0, let Bi{0, 6) C be the open ball of radius 6 
centered at the origin. Following ^SZj . if x G X and f) : (— vr, vr) x i?2d(0, S) — >• 
X is a system of Heisenberg local coordinates centered at x, we shall set 
X + {6, v) =: i){6, v), and occasionally x + v = f)(0, v). If : X — X is the 
action of e^^ G S^, then r^(a; + (6*, v)) = x + + 6*, v). The given system 
of preferred local coordinates determines a unitary isomorphism = TmM, 
and with this understanding this notation will be applied to suitably small 
V, w G T^M. 

Finally, we need a further piece of notation from [SZj . 

Definition 1.3. Let H be the Hermitian structure on M determined by uj; 
thus, uj = —Q{H). Let || ■ || be the norm associated to H. li m E M and 
w, V G T^M, we shall let 

^2(w,v) =: i$5(iJm(w,v)) -i||w-v||^ 

= Hm{w,^r)-^ (l|w||^+||v||^). 

We can now state: 

Theorem 1.1. Let T be a first order S^-invariant self-adjoint Toeplitz ope- 
rator on X. Suppose x G X, m =: 7r(x). Suppose 0<^<l/2, c>0, and 
ti7 > satisfies w < 1/Q and w < 1/2 — ^. Let G M &e a sequence such 
that Ck > ck~^, k = 1,2, . . .. 

1. Uniformly in \ < <;T{jn) — e^, m w, v G T^M with max{||w||, ||v||} < 
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/c™ and in 6, 9' G (— vr, vr), as k ^ +00 we have 

T.(A...+ (<,.^)..+ («'.-^))^0(r~). 

2. Uniformly in X > (;t{^) + e^, m w, v G T^M with max{||w||, ||v||} < 
fc^, and in 6, 6' G (— vr, tt), as k —>■ +00 /or ei'er?/ = 1, 2, . . . we /iave 

T.(a...+ (..^)...(.'.^)) (2) 

^ n. ^)..+ (o'.^))+o(r»). 

The proof will combine classical arguments in the study of spectral func- 
tions of pseudo differential operators |Hj, [GS] and microlocal tecnhiques from 
[Z], |BSZ] . |SZ] revolving around the description of the Szego kernel as a 
Fourier integral [BSj : some basic results about Toeplitz operators from |BGj 
will be key ingredients in the proof. 

The following remarks are in order. 

First, by replacing T with — T, in Theorem 11.11 statement 1 about lower 
bands turns into a statement about upper bands. Thus, statement 2 is 
really an expansion regarding any slowly shrinking intermediate energy band 
containing <^r(^) in its interior. In fact, we may use an orthonormal basis of 
eigenvectors of T to estimate the asymptotics of the full equivariant Szego 
kernel 11^ in [SZj : thus the latter may be written as the sum of three terms, 
one from a lower band, one from an intermediate band containing <^t('^) in 
its interior, and one from an upper band, as above. Hence, 2 is a consequence 
of 1. 

To state the previous point explicitly, for Ai < A2 define 

Tk (Ai, A2; x', x") =: Tk (A2, x', x") - Tk (Ai, x', x") . 

That is, Tk (Ai, A2; x', x") is the kernel of the orthogonal projector onto the 
span of the eigenspaces corresponding to eigenvalues comprised in the half- 
open band (Ai, A2]. 

Corollary 1.1. In the hypothesis of Theorem \l.l\ as k ^ +00 we have 

Tk (^k{qT{m) - ek),k{(;T{m) + ek);x+ (^9,^^ ,x+ |^6'', -^^^ 
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Secondly, by [S^ the scaling limit of the Szego kernel on the right hand 
side of (12]) has a 'large ball' asymptotic expansion for k — * +00, with a 
universal leading term 



gjfc(6l-9')+i/'2(w,v) 



k^" 



The same then holds of the spectral function on the left hand side of ([2]). A 
succinct direct derivation using stationary phase techniques is given below. 

One motivation for this work is to extend the study of the asymptotic 
properties of complete linear series to linear series defined by spectral bounds 
on Toeplitz operators. Let us give a couple of immediate applications. 

Under mild assumptions, the rate of growth of the dimension of the linear 
series V^^^ is governed by the volume of the locus of phase space where the 
Hamiltonian < A. More precisely, let M^x ='■ ^ M : <^t('^) < 

Corollary 1.2. Assume that X is a regular value of^T- Then 

d 



A similar statement obviously holds for intermediate bands. 

Next, we consider the asymptotics of the rational maps associated to 
vl^\ If L is a line bundle on M and V C [M,L) is a vector space of 
holomorphic sections, the base locus Bs(l^) of the linear series \V\ is the 
common zero locus of all sections in V. Thus m ^ Bs(\^) if and only if there 
exists s E V such that s(m) 7^ 0. 

The following Corollary is proved as in the study of the full linear series in 
[Z] (actually establishing asymptotic isometry on compact subsets of M<a). 

Corollary 1.3. If <,t{x) < A then 7r(x) ^ Bs {v^^, and the rational map 



induced by the linear series 



is immersive at 7r(x), for all k> k^ 



2 Preliminaries 

In this section we shall quickly put things in perspective by proving the 
asymptotic estimate ([I]). Let (■, ■) be the Hermitian product on L^(X). 

If / G C°°(X), we shall denote multiplication by f hj Mj : V'{X) 
T>'[X), g ^ f g. If / € C°°(M), we shall regard it in the natural manner as 
an S'^-invariant function on X, and denote by Tf = IIoMj oil the associated 
invariant zero order Toeplitz operator, and by tI^'' : H{X)k — > H{X)k the 
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endomorphisms induced by restriction. If / G C°°(M) is real, every Tj is 
self-adjoint; let A^i < . . . < XkN^ be its eigenvalues, repeated according to 
multiplicity. 

Lemma 2.1. Suppose f G C°°(M) is real and let aj =: min/, Af =: max/. 
Then af < Xkj ^ ^z? f'^i" k = 0,1,2, .. . and 1 < j < N^. 

Proof. If cr G L'^{X) has unit norm, then 

Jx 

On the other hand, because 11 is self-adjoint if in addition a G H{X) we have 

{Tf[a),a) = {Mf{a),a)= [ faad/^x- 

Jx 

The statement follows. 

Q.E.D. 

Let do be the vector field on X generating the S'^-action, and set D =: 
-ide- If f e C°^{M), Tf =: Uo {Do Mf) o n = D o is an invariant 
first order Toeplitz operator, self-adjoint if / is real. By Lemma 12.11 its 
eigenvalues Xkj = k Xkj satisfy af k < Xkj < kAf. 

Since To =: 11 o D o n is an elliptic invariant Toeplitz operator of degree 
1, there exists an invariant Toeplitz operator of degree —1 such that EoD = 
U + S, where S is smoothing and invariant; in particular, the norm of 5* on 
H{X)k is 0(/c~°°). Since D on H{X)k is fcid, E induces endomorphisms 
Ek : H{X)k -> H{X)k satisfying k Ek = id + O hence Ek = k-^ id + 

0(A;-°^). 

Lemma 2.2. Let T be a zero order -invariant self-adjoint Toeplitz opera- 
tor, f =: Then a/ + O (k^^) < Xkj < Af -\- O {k"^) as k ^ +oo. 

Proof. We have T = Tf + R, where R is an invariant self-adjoint Toeplitz 
operator of degree —1. Now R = UoR = Eo[DoR)-\-R', where R' = —SoR 
is smoothing. Since D o R is a. Toeplitz operator of degree 0, it is bounded 
in norm, and therefore the previous discussion implies that i? is O (k^^) on 
H{X)k- The statement follows from this and Lemma [2.11 

Q.E.D. 

Corollary 2.1. Let T he a first order -invariant self-adjoint Toeplitz ope- 
rator, f =: ^T- Then af k -\- O (1) < Xkj < Af k -\- O (1) as k +oo. 
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3 Proof of Theorem 



1.1 



As noted in the introduction, we need only prove 1. 

To begin with, we may reduce the proof to the case > 1- For if C > 
is such that C + > 1, and T' =: T + C D, then q^' = + and 
an orthonormal basis (e^j) of eigenvectors of T with eigenvalues Xkj is also 
a basis of eigenvectors of T', with eigenvalues A'^.^ =: X^j + C k. Hence the 
spectral functions T and T' of T and T' are related by 7^'((A + C) k, x', x") = 
Tk[Xk,x',x"), and A 3s ^t{x) -v^ A + C ^ "JT'la^)- Thus the asymptotic 
expansion for T' implies the one for T. 

Furthermore, by construction the equivariant spectral function Tk only 
involves the k-th isotype for the S'^-action, therefore 

T. (a ^) ^) ) ^ e"(»-. r. (a . + ^. . + ^) . 

Hence we may assume without loss that 6 = 6' = 0. 

As a further reduction, it suffices to prove the theorem when w = 0. 
To see this, recall that preferred and Heisenberg local coordinates may be 
deformed smoothly with the reference point. More precisely, there exist first 
an open neighborhood f/ C M of m and for every m' E U preferred local 
coordinates pm' centered at, and smoothly depending on, m'; next, there 
exists for every x' e 7t~^{U) a system of Heisenberg local coordinates i)x' 
centered at and smoothly depending on x', and such that the system of 
preferred local coordinates underlying 1)^/ is pn{x')- If 5 > is sufficiently 
small and w G B2d{0;6), we shall let m' + w =: pm'(w) if m' G U, and 
x' + w=: {)^/(0,w) if x' G Tr-\U). 

If w, V G -B2d(0; S) then (m+w)+v = m+A{w, v) for a certain C^- valued 
smooth function A; by Taylor expansion, for iV = 1, 2, . . . we get 

/ N \ 
(m + w) + V = m + ( -Rj(w, v) + O ^max {||w||, ||v|| }^^^ j | , (3) 

where Rj is a homogeneous C^- valued polynomial of degree j. Actually, 
i?i(w, v) = w + V in ([3]). More precisely, working in rescaled coordinates for 
future reference we have 

Lemma 3.1. Suppose w, v G i?2d(0,-R). Then as k ^ +oo 
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Proof. For suitably small v > and m' E U, let ='■ Pm ° Pm' 
B2d{0;v) R2d_ Thus do^m' = id^2d + O {\\m' \\) , where ||m'|| =: ||p-^(m') 
Therefore, 



By construction, 



p-'(m+-l(w + v))=-L(w + v). 



On the other hand, again by construction. 



Thus, 



Q.E.D. 



We now lift this comparison to Heisenberg coordinates on X. If w, v G 
i?2d(0; S) then m + v = (m + w) + (6'(w, v), -B(w, v)), for suitable smooth 
real and C^- valued smooth functions 9 and B, respectively. Taylor expansion 
then yields 



^(w,v) = ^^,(w,v) + 0(max{||w||,||v||f^^), (4) 

N 

5(w,v) = 5]£,(w,v) + 0(max{||w||,||v||f+'); (5) 



here 6j and Bj are homogenous of degree j. In fact, i?i(w,v) = v — w, 
9i = 0, and 6'2(w,v) = a;o(w,v). Since it is not essential in the following 
argument, we state this without proof (in rescaled coordinates): 



9 



Lemma 3.2. In the hypothesis of Lemma \3.1\ as k +00 we have 



where 6{v) = v"^ ujq(w, v) + O {R^ v^) as v ^ 0. 

Here lvq is the standard symplectic structure on M^"^ = C^'^. If w, v 
are interpreted as elements in T^M, then c<Jo(w,v) should be replaced by 

t^m(w, V). 

Suppose now that the statement of Theorem 11.11 has been proved when 
w = 0. If ||w||, ||v|| < k^, let us set 'm(k) =: m + w/^/k. Then |^t(^) ~ 
<^r("T.(fc))| < /c"^"^/^, thus if A < ^t(?^) - then A < <,T{rn{k)) - 6^/2 for 
k ^ since by assumption —S, > w — 1/2. In this range, using x + w/y/k 
as reference point we obtain: 

(w V \ 

= o{k-^). 

We now prove the Theorem assuming > 1, ^ = ^' = 0, w = 0. 

In view of Lemma 12.1 of [BGj . perhaps averaging we can find a first 
order S'^-invariant self-adjoint pseudodifferential operator Q on X, such that 
T = IIoQoII, [Q, n] = 0, and with positive principal symbol q : T*X\{0} 
(0, +00). In Heisenberg local coordinates, the S'^-action is a translation in 6, 
therefore by -invariance q 

Since g > 0, we have Q > — cid for some c G M. Thus Q' =: Q+{c+l) id > 
id. Let T' =: n o Q' o H; then T' = T + (c + 1) H, and = ^t'- Now the 
orthogonal basis (e^j) of eigenvectors of T, with eigenvalues A^j, is also an 
orthogonal basis of eigenvectors of T', with eigenvalues A'^^- = A^j + (c + 1). 
Hence, the spectral functions T and T' of T and T' are related by the equality 

T{\k,x\x")=T' + ■ . 

But if A < <;Tijn) - e^, then A + (c + l)/fc < ^Tijn) - 6^/2 for all > 0. 
Hence if the statement holds for T if it holds for T'. Thus we are reduced to 
proving the theorem under the further assumption Q > id. 
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Given a sufficiently small e > and x ^ ^cTll^^'^)); suitable 
family of operators A{t), after [GSj we set 



A. 



x{t) A{t) dr. 



This may be applied to the 1-parameter group of unitary operators U{t) =: 
e*"^*^, and to their equivariant Toeplitz contrations S'^^^t) =: o U{t) o 11^; 
furthermore, we shall replace x with x e"*'^'^^'^ Then S'^^^.i^AC ) = U^^-ikx(-) ollfc 
is a smoothing operator, with Schwartz kernel 



(6) 



(similar functions have been studied in jBPUj ). Now in this construction we 
replace x with its rescaling Xa:(t) ='■ X {k^'r)- Then the Fourier transform of 
Xk is Xk{s) = {l/k^)x{s/k^) {s G M), hence 



x(-) (3; ; 3; ) 



i=i ^ ^ 



efcj {x') ■ ekj {x") (7) 



We introduce complex measures on the real line 



where 5t is the delta function at t. Thus, T'^'^^ ^A', x, a; + v/v^j = dfiq-(k) , 
VA' G M. Then 



(fc) 

Xk e' 



ik\(-) 



+ CXD 



Define ^^(r^) =: e K). Then J^^ Gk{kX - r]) dfirik){v) 

may be computed in two different manners, and comparing the results will 
yield the stated asymptotic expansion. 

Let us embark on the ffist computation. We have: 



+00 



Gk{kX - f]) d^rwiv) 

"kX—rj 

Xkip) dh 



kX 



Xkib-T]) dh 



(9) 

dnr(k){r])- 
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Lemma 3.3. We have 



kX 



+00 



Xk{b-r])diir(k){v) 



db. 



Proof. Leaving dependence on x and v implicit, define (3kj £ (~7r, tt] 
and rkj > by the equality rkj e*^*^' = Ckj (x) ■ Ckj (^x + v/\/k^. The total 
variation of iXq-{k) is then l/z-rCi^)! — Ylij^kj ^Xkj- Let (5k G be a real 

function such that (3k{Xkj) — Pkj for every j, and set hk — 6*^*=. Thus 
fj,j-{k) — hk \fJ'r(k)\, and 



/+00 r pkX 
/ Xk{b' 
00 L</— 00 



r]) db 



/+OO PKA 
/ Xk{b - v) hkiv) db 
-00 \.J —00 

Let C -. WxWli = IIXfellLi; then 



d\l^rw\ iv)- 



/+00 r pkX 
■00 J — 



\Xk{b-r]) hk{r]) \ db 



00 



kX 



\Xkib-ri)\ db 



/+00 
d ll^rw I iv) 
-00 



C ^Tfej < +00. 



The Fubini-Tonelli Theorem then implies 



kX 



Xk{b-r]) db 



/+00 r rkX 
/ Xkib - ri) hkiv) 
-00 J —00 



db 



-00 



./ —00 — 



00 
+00 



d\nrw \ iv) 



Xk{b-r]) hk{ri)d\fj.r{k) \ {r]) 



00 L'' — CXD 

ffcA r p+oo 



db 



/KA r+oo 
/ Xk{b-v)df^rw{r]) 
-00 .J —00 



db. 



Q.E.D. 
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Applying Lemma 13.31 and performing the change of variable 6 A; 6, we 
get from 

kX 



db 



k 



Xk{kb- T]) dfirwir]) 



db 



S 



(k) 

Xk e 



-ikb(-) 



(10) 

V \ 

x,x -\ ^ db. 

VkJ 



We shall now consider the asymptotics of the latter integral. Let a^^ =: 
min<^r, A^^ =: max<Jr; thus a^^ > 1. 

Lemma 3.4. For every N = 1,2, .. . there exists a constant > such 
that 



(k) 

Xk e." 



s 



ikb(-) 



[X , X 



-Af 



/or every {x' ,x") e X x X and b ^ {1/2, A^^ + 1). 

Before commencing the proof, we notice that since x is compactly sup- 
ported, X is of rapid decay; therefore, for every > there exists Cn > 
such that \x{b)\ <Cn{1 + \b\)~ for 6 G M. Hence for every = 1, 2, ... we 
have for k +00: 



\Xk 
< C2N 



1 

k^ 



2N 



< C' 



2N 



N ■ 



[k^m + (2^)fc^€|6r] " 1 + 1^1'' " ^' (1 + \b\y 

Proof. By assumption <Jt > 1, whence Xkj > k + 0{1) by Corollary 12. 1[ 
If -1/2 < 6 < 1/2, then \Xkj - kb\ > k/3 for all > and j = 1, . . . , A'^. 

we then have 



By dlT]), for every A^ = 1,2, 

\Ukb - A,,)l < Bj, A:-^(i-«)-« < B'^ fc-^d^O-? (|5| + i)-a^, 

for a constant Bn independent of k and j, and -B^ = 2^ B^. If instead 
b ^ {-1/2, A,^ + 1), \Xkj-kb\ > Ck{\b\ + 1) for all A; > and some 
constant C > independent of k and j. Therefore, again by (j6]) we obtain 

\Xk{kb - Xk,)\ < B'^ A;-^(i-0-« + 

in this range also. 

On the other hand, by the Tian-Zelditch asymptotic expansion \cTkj{y) \ = 
O f/c"^/^) for all y E X, and by the Riemann-Roch Theorem dimH{X)k = 
O [k'^) . Therefore, in view of ^ we have 



{x',x") <DNp''-''^^-^'^-^{\b\ + iy 



-N 



Q.E.D. 
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Corollary 3.1. Uniformly in {x',x") G X x X, as k —>■ +00 we have 
Remark 3.1. The same argument implies 

-<5 

Xfc e 



Sl'^^,^,,,,{x',x")db = 0{k-^) 

for any 6 > 0. Similarly, 



—00 



+00 



^i'UK-) (^',^") db = 0{k'-^) 



Henceforth we assume Af + 1 > X > 1/2. 

Letting ~ denote equal asymptotics, ( fTOj) and Lemma [3^ imply 



1/2 ^ 



^/k 



By definition, 



1 

2^ 



e" 



X;c(r) (f/(r) o n) (r^ (x') , x") dr. 



As explained in §12 of [GSj . if e is sufficiently small for all r G (— e, e) we 
can write U{t) = V{t) + -R(t), where V^(t) and R{t) follows. 
l^(r) is a Fourier integral operator, locally of the form 

^(^) (^'' = T^TW / e^[^(^'^' "^-^''-''l a (r, x', x", v) dv; (14) 

here a(r, ■, ■) G S^^, and 

(y9 {T,x',ri) = x' -1] + rq {x',r]) + O (r^) • \\r]\\, (15) 

where x'-?7 is the standard Euclidean pairing between the local coordinates of 
x' and f] G R^'^^^. As discussed in [P], since the density bundle is trivialized 
by d/ix the initial condition f/(0) = id implies a (0, x', x", r/) = 1/V(x"), 
where dfj,x{y) = V{y) dy in local coordinates. 
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R{t) is a smooth family of smoothing operators on V{X), parametrized 
by r. More precisely, its kernel {t,x',x") t-^ R{t,x' ,x") is in C°°((— e,e) x 
X X X). 



Now define ) ^l^'e-'^H-) as in ([H]), with [/ (r) replaced by l^(r) 



Xk e- 



Xfc 



and -R(t) respectively. Since U{t) = V{t) + R{t), (|T^ implies S'^^^^.^^.^.j 



5 



(fc)' 



+ s 



(fe)" 



ifc6(-) ■ 



Lemma 3.5. For every N = 1,2, . . ., there exist constants Cn > such that 
for all {x' , x") G X X X and b ^M. we have 



(k)" 

Xk e- 



s 



ikb(-) ) 



/ //\ 



<CNk-^ (i + l&l) 



-N 



Proof. Since R{t) is a smooth family of smoothing operators, the same 
holds of -R(t) o n. Therefore, the kernel of the latter family defines a smooth 
function TZ on (— e, e) x X x X. 

Thus, Uk (r, x', x") =: {l/2n) jZ^ e-'^^ TZ (r, (x') , x") d§ = O in 
C-'-norm, uniformly on (— e, e) x X x X. 

By definition. 



Xk e" 



S . ^-ikb(-) 5 ^ 



ix', x") = I e-'"'^ Xk{r) Uu (r, (x') , x") dr, (16) 



hence 



^^^^^^'_,,,(.) (x', x") < CMk~^ uniformly in (x', x") G X x X and 6 G M. 

Therefore the statement holds for \h\ < 1 with Cat replaced by 2^ Cn- 
On the other hand, if |6| > 1 integrating by parts in dr in (fT6l) yields 



for r = 1, 2, . . .. Hence 



-ikbr I 



[d/dry (xk{r)-Rk) (r,x',x") dr 



(fc)" 

Xfc e- 



< |6|-"0(fc-~) for |6| > 1. 



Q.E.D. 



Corollary 3.2. Uniformly in (x',x") G X x X and — oo < Ai < A2 < +00, 
as k ^ +00 we have 



A2 



(^',^") db = 0{k~-) 



Let Pfc : i^^(X) L^(X)fc be the orthogonal projector, given by 



PkifKx) 



2tt 



-ik-d 



f{r^{x))dd. 
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and set V^'^[_,k^(^.^ =: PkoV^^^-^kbi■). By S'^-invariance, V{t)oPj, = Pfco\/(r), 
therefore 

Xk e > 

= {Pk o v'xfce-«'=f(-)) o n = v^^^-^kH■) o (Pfe o n) = v^^^-ikH-) o rifc. 

On the upshot, in view of ( |T2l) . ( |T3l) . and Lemma [32], 

If /5 > 0, let BM{m, /5) C M be the /3-neighborhood of m in the Rieman- 
nian distance distM- If P is small enough. Mi =: BM{rn, 2/3) C p(P2d(0, 5)), 
where p : P2d(0,5) M is the given preferred coordinate chart centered at 
m. Set M2 =: BM{fn, ^y. Then = {Mi,M2} is an open cover of M; let 
}z^=i be a smooth partition of unity subordinate to Ai. Using p, we can 
pull-back p(') to = R2d^ V ^^ g^^\m+v) (recall that m+v = p(v)). Since p 
is a local isometry at the origin, we may assume supp (^g^^^ ° p) ^ -B2d(0, 3/3), 
supp(^(2)„p^ CB2d{0,P/2Y. 

For = 1, 2, . . . and / = 1, 2, define g^"'^ : M ^ M by setting 

f?("=)(m + u) =: f?« fm + A;i/2-^^u 



6 

Then {g^^''^}i_ is a smooth partition of unity on M for each k, and 

supp (^(^^) o p) C (0, 18 k-'/') , supp {g^^'^ o p) C P^d (O, 3 k^'/'Y . 

In particular, 

m' e supp (^(2'^)) distM (m, m') > ^ /c^'^/^ (19) 

Now If)^''^') o7r}^__|^ is a smooth S'-'^-invariant partition of unity on X; let 
us define n^^^) e V'{X x X) by setting n^^^) {x', x") =: g^^''^ (vr (x') ) H (x', x"). 
Then H = ^f^^ n("=), and by (HZD 

+ CXD 

Gk{k\-ri)dfxrw{r]) (20) 

■00 
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Lemma 3.6. There exist N > such that the following holds. As k 
uniformly in x E X , ||v|| < /c^ and b G [1/2, +oo) we have 

Proof. By definition, 



-oo, 



x,x + 



V \ 



(a;,!/) nf^'^ + dfixiy); 



(21) 



it is then enough to prove the claimed estimate for the integrand in (|2T1) . 

By assumption Q > id. Let 1 < yUi < /i2 < • • • be the eigenvalues of Q on 
L^(X), repeated according to multiphcity; thus {Xkj} ^ {/^^}- Let (i;^) be a 
complete orthonormal system in L^(X), such that each vg is an eigenvector 
of Q with eigenvalue /i^. Then Uti^llco D for some fixed Z), r G M, and 
there exists iV > such that J2ef^T~^ converges (§12 of ^GSj ). 

Define 

Fk (C, x', x") =: ^ Xk (C - l^e) Ve (x) Vi {x") (C G M, x', x" G X) , 



so that V^^^-ikb(-) (x', x") = Ffc (A;6, x', x"). 

By (HH), for each X > we have |x(a)| < <^7V A;(^-i)«(l + |a|)~^ for every 
a G M, where Cfq > is constant. As (1/yU^) + KC//^^) ~ 1| ^ 1/C for every 
C > 1 and £ = 1, 2, . . ., we have 

iF, (c, x', x") I < 5^ [1 + ic - /id ] /^r 



+ 



< A;(^-i)« 5^ /if < C^^v 't^'^"'^^ C^. 



Setting C = /cfe for 6 > 1/2, /c > 2 we deduce 

|\/, (x',x")| <C;,A;(^-i)«+^6 



(22) 



so it suffices to show that the second factor in the integrand in (12T1) is O ik 
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Because q^^ o tt is S^-invariant, 

{y. ^ + = ^^''^ i<y)) ^ + ^) • 

Let us write distM = distM o (vr x tt) : X x X — R. Then ||v|| < k'^ =^ 
distAf (^x, X + w/^/k^ < (5/4) k'^''^/'^, hence if ?/ G supp (^(^^^ o tt) by dH]) we 
have distAf (y,a; + ^r/Vk^ > (3/2) A;^-V2 _ (5/4) ^^-1/2 ^ ^^4) 
(6.1) of P, Hfc (^?/,x + v/v^ 



A, 5. 



< yl /c e , for certain positive constants 



Q.E.D. 



Remark 3.2. The same argument apphes under the hypothesis ||v|| < S k^, 
for a constant S > 0, with the provision that in ffTSj) /5 be replaced with /3/S'. 

Corollary 3.3. Uniformly for ||v|| < k^ as k ^ +00 tfe /iave 

We are now reduced to studying the asymptotics of the first summand on 
the right hand side of ( !20l) . As in the proof of Lemma 13.61 in so doing by (l22l) 

we may modify 11 at will as far as the change induced in 11^ (^y, x + v/ y/ltj 
is rapidly decaying as k +00. 

By |BS] . we can write 11 = 11' + 11", where 11" is smoothing and (locally) 
the Schwartz kernel of 11' is a Fourier integral 

r+00 

U'{x',x")= e**'^("''"")s(t,x',x") dt; (23) 



the phase satisfies '^ip > and its Taylor series along the diagonal is deter- 
mined by the Hermitian structure, while the amplitude is a classical symbol, 

s(t,x',x")~Et°^^'"'^r {x',x"). 

Since 11" is smoothing, 11^ = O (A;~°°), thus we shall implicitly replace 11 
with n' in ( JT71) . In addition, recalling the microlocal structure of 11, we also 
have the following reduction. 

Remark 3.3. In Heisenberg local coordinates write y = x + {6,u). On the 
domain of integration, distx(2; + {9, u),x + v) > \9\/2, say. Therefore, since 
n is smoothing away from the diagonal of X, we again only lose a rapidly 
decaying contribution introducing a cut-off in 6 which is identically one near 
and vanishes for \6\ > e for some small e > 0. We shall also implicitly 
absorb this cut-off in s. 



18 



Remark 3.4. With these reductions understood, in view of Lemmata | 
13.21 and 13.6^ and of ffT^ . ffT^ . and fl2^ . we can summarize the previous 
results on the asymptotics of S'^^^.^t.^.j as follows. 

1. If 6 ^ (1/2, A^^ + 1), then uniformly on X x X 



{k) 

Xk e 



S 



-ikb{-) 



ix',x")\=0[{\b\ + l)-^)-0{k-). 



2. If 6 G (1/2, A,^ + 1), then uniformly for ||v|| < k^/^ 



S 



(fc) 

Xk e 



-ikb(-) 



(24) 



\2d+2 




+00 



e**^ Ak djix (y) dr dr] dt. 



(25) 



(27r) JX J-TT J-e J]R2d+i Jo 

Here $i and A cLFG clS follows. By the -invariance of Q, 

$1 = (p{T,r^{x),r]) - y ■ 1] + t'ip (^y,x + - k{bT + 

= {r-&{x) - y) ■ r] + T q{x, rj) +ttp ^,x + - k {br + i!}) + O (r^) • ||?7| 

in Heisenberg local coordinates r^(x) = x + {'d,0), y = x + {9,u), and the 
first summand in fl25p is —{6~ 'd, u) ■ 77. Also, 



(26) 



Ak = Xk{r) g^^''\y)a{T,r^{x),y,r]) s(y,x+ . 



We now show that, perhaps after disregarding a rapidly decreasing contri- 
bution, integration in drj in fl2^ can be restricted to suitable annuli centered 
at the origin, whose radii grow linearly with k. To this end, following [GSj 
let F e C^(M) be identically equal to 1 on (1/C, C), for some C > 0. Write 
du for the collective integration variables in IHM . If 6 G (1/2, A^^, + 1) then 



1 



(27) 



(2 



TT 



i2d+2 




'X J-TT J- 



R2d+1 Jo 



+00 



(27r) 



2d+2 




y4i, du 



1-F 



Au dv. 
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Lemma 3.7. Given that 1/2 < b < Af + 1, the latter summand is O {k °°). 

Proof. If F(||r7||/A;) ^ 1, then either k > C \\ri\\, or else \\ri\\ > C k. Recall 
that 1/2 <b < Af + 1. 

If ll^^ll ^ C k, since q is an elliptic symbol for some C" > we have 

\dr^i I = \q{x, 7]) — kb\ 
> C \\7]\\ -kb>^C' \\r]\\ + ^ {C'C - 2b) k; 

similarly, if k > C \\7]\\ then for some C" > 
|5r$i I = \q{x, rj) — kb\ 
> kb-q{x,r]) > ^k-C"\\T]\\ >\k+^ {C-4C") \\r]\\. 

Therefore, where 7^ 1 we have > ck + d\\r]\\ for some 

constants c, d > 0. The claim follows by successively integrating by parts in 
dr, since each step introduces a factor O 

Q.E.D. 

Remark 3.5. For future reference, we notice that how large C has to be 
only depends on the symbol q, and not on the chosen e > bounding the 
size of the support of the test function x- In particular, we may assume that 
the product T\\ri\\ is arbitrarily small on the restricted domain of integration. 

By Lemma [31 we need only consider the first summand in ([27]). Recalling 
([^ and CoroUarv 13.31 we get 

+00 

Gk{k\-r])dfxri^,ir]) (28) 

■00 

J 1/2 Jx i-TT J~e J]R2d+l Jq V ^ / 



(2vr) 



2d+2 



In Heisenberg local coordinates, we shall write y = x+{9, u) and dfix{y) = 
V{6, u) d6 du. With the change of integration variables rj ---^ krj, t kt we 
get 

p+00 

Gk{k\-r])dfir(>^,{r]) (29) 



k 



1/2 



AV"" / r r r / r.*s... 



-e J -IT J -a jR2d+i Jo 



db. 
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where du =: V{6, u) du dO dd dr drj dt, and 

V 



$2 =: -{6 - i3,u) ■ T] + T q{x,ri) + tip + {6,u),x + ^ 

-{br + ^) + O {t^) ■ Ml, (30) 

B, =: F{M)xkir).g^''\x + {9,n)) 

■a(^T, r^(x), X + {9, u) , k i]j s ^ + {9, u), a; + — ^, kt^ . (31) 

Integration in drj is over the ring 1/C < \\r]\\ < C, while in view of the factor 
^(lA:) _|_ 1^0^ j integration in du is over a ball of radius O (A;~^/^) . The inner 

integral in ( l29i) yields the asymptotics for S^^^^^i^^.^ ^x, x + v/ • 

Let us now set r] = ru, where r > and u G S'^*^; thus, = {uo,uJi) E 
M X M^'^+^j uJq + ||c<Ji|p = 1. We have dt] = r^^ dr duj, and integration in dr is 
over (1/C, C). Thus (!29|) may be rewritten: 



Gk{k\- r])d^^(k){r]) (32) 

oo 

A: /' (-] I I I I I I I e^'^^B.dd 



1/2 



27r 



Cd J-e J-TT J-e Jl/C J52d Jo 



where with abuse of language is the amplitude of 0291) with the new 
variables inserted, dv =: r V{9, u) du 6/6* (i?? dr dr du dt, and 

$3 =: —r {9 — ■{}) ujq — r vl ■ uji + r T q{x, uj) + ttlj ( x + {9,u),x -\ -= J 



VkJ 

-{br + ^) + (r^) . r. (33) 
The following remark is in order. 

Remark 3.6. Up to a factor 2tt, the integration J^^ dd is really an inte- 
gration over S^. Let 5^ = f/i U U2 be an open cover, such that 1 ^ f/2 and 
f/i C 5^ \ {—1}, and let {pi, P2} be a partition of unity subordinate to it; 
hence pi = 1 in a neighborhood of 1, and pi = in a neighborhood of — 1. 
Then as integration operators J^i dg = f^^ pi{g)dg + Jjj^ P2{g) dg. With this 
understanding, we may manipulate integration in d9 as if it were compactly 
supported in 9, clearly changing the interval of integration in expressing the 
second summand; the following computation will show however that only the 
first summand contributes non-negligibly. To keep notation simple, we shall 
leave this amendment implicit in the following discussion. 
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Lemma 3.8. Perhaps after disregarding yet another term O {k~°°), in [3^] 
integration in du may he restricted to an appropriate open subset S = Ss 'i^ 
S'^'^ of the form uq > 6, for some 6 > 0. 

Proof Since r < C, if cjq < 1/(20) we get \d.&^3\ = |r - 1| > 1 - 1/2 = 
1/2; integration by parts in d-d then proves the claim with, say, 6 = 1/(3C). 

Q.E.D. 

Again, this imphes introducing a smooth cut-off identically equal to 1 
in a neighborhood of the north pole (1,0). This cut-off will be implicitly 
absorbed in the amplitude B^; 

On S, ujq = a/1 — ll^^iP? and lui G (O, -\/l — 5^) is a system of local 
coordinates. 

Lemma 3.9. Perhaps after disregarding a rapidly decreasing contribution, 
integration in dt may be restricted to a compact interval {1/D,D) for some 
> 0. 

Proof. The proof will be sketchy, as it parallels similar arguments in 
jP] . As k +00, uniformly on the given domain of integration the point 

+ (0, u), X + v/v^j is arbitrarily close to (x + (^, 0),x). Now at the 
latter point the differential of ip is (e*^ C(f,ie^, — e~*^ a^.) . Thus if T{9, u, v) =: 
ijj (^x + {e,u),x + v/^/k^, then for all A; > we have 3/2 > \deT\ > 1/2. 

If = (r]o, r]i) e Rx M^d+i ^hen -{9 - 'd,u) ■ r] = (i^ - 6) r]o + u ■ r]i. 
Since \t]o\ < ||r/|| < C, we then see from that \de^2\ > (1/2) t - C > 
(1/4) t+ (C/2) if t > 6C, say. Integrating by parts in d9 then shows that the 
contribution coming from the interval (6C, +oo) is of rapid decay. 

Similarly, we also deduce from (IHUI) that |96)$2| > ruo — (3/2) t. Since 
rujo > 6/C, we get \de^2\ > (S/C) - (3/2) t > 6/2 if, say t < {6/3C). 
Therefore, the corresponding contribution is also O (A;~°°). 

Q.E.D. 

Remark 3.7. Thus we can introduce a smooth cut-off in t, g & C^(M), 
identically one on (1/-D', D') and supported in (1/-D, D) for some <C D' -C 
D, without affecting the asymptotics in flM|) . The cut-off will be henceforth 
tacitly absorbed into the amplitude, and dt replaced with dt. 

Let us make the change of integration variable u u/{r\/k), so that 
du du/ (r^*^ fc*^) , and integration in du is now over a ball of radius O 
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By (65) of [SZj . 

tijj \ X + 



9. 



u \ 



,x + 



k \r 

Inserting this in (|33l) . (!32l) may be rewritten 

+00 



u 



k 



U-LxJl 



c 



Jkd'y 



(34) 
duduj > db. 



(35) 



-TT Jl/C 

where u ■ ui is the standard Euchdean pairing in R^*^, (i7 =: dtdOdddrdr, 

$ =: it [l - e*^] - r (6^ -^9)u;o + rrg(a;,u;) - (6r + t9) 
+0 (r^) ■ r, 

and 

^. gtV2(u/r,v)e'»+jtfci?^(u/(rv^),v/v^)e»» ^^2g^| 

We have $5$ > and \ Jk\ < C" A;^ t'^ e^"""^^""^ on the domain of integration, 
for an appropriate a > 0; also, tkR^ {r^/k),w / ^/k^ e*^ remains bounded 
for ||u||, ||v|| =0 (A;^/^). The expression within { } in 0341) yields the asymp- 



totics for S^'^^ , 

Remark 3.8. By construction, Jk = X (^^) -^fe; where is the product of 
the rescaled amplitude a ^r, r^(a;),x+ {6,u/{r\/k),kri^ of V, the rescaled 

amplitude s + u/(r-\/fc) , x + v/-\/A;, of 11, the various cut-offs in- 
troduced, the exponential factor in ( l36l) . and the local coordinate expression 
for the Riemannian density of X. Now s and a are semiclassical symbols, 
and as such they admit asymptotic expansions in descending powers of k. 
On the other hand, all the factors involved may be Taylor expanded in 
the arguments \i/{r\/k) and v/\/fc, so that Lk has an asymptotic expan- 
sion in descending powers of /c~^/^. To determine the leading order term 
of the asymptotic expansion of Lk where the cut-offs are identically 1, we 
remark that the leading order terms coming from a and s are, respectively, 
1/V(x+ (6, 0)) and (fc/vr)'^^'^; the first factor cancels with the V term in the 
local coordinate expression for the density. As a result, the leading order 
term is (A;/7r)<i e*""''^2(u/r,v)_ 
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Now we notice that by construction $ does not depend on u; therefore, 
the exponential e*^* behaves hke a constant under differentiation by the u 
variables. Let us view the right hand side of in its dependence on u as 
an oscillatory integral with phase \l/ = —iy/ku ■ lo. Fix a sufficiently small 
to > . Since Vu^ = —i^^i, on the locus Tk C Ss where ||c<Ji|| > (to/2) 
(equivalently, ujq < ^^1 — (to/4) A;"^?) we can successively integrate by parts 
in u, and at each step we introduce a factor k^'^^"^. Therefore, for any 
to > the contribution to coming from Tk is 0{k~°°). Perhaps after 
disregarding a rapidly decreasing contribution, we may thus introduce an 
appropriate partition of unity on 5*5, of the form (fc^cji), and restrict 
integration in uji to a progressively shrinking open neighborhood of (1,0) in 
5*5, of the form Uk = {oji : \\uji\\ < to k~^^. We shall now proceed leaving this 
further cut-off implicit. 

This reduction has the following consequence. Since q{x,uj)/ujQ equals 
(^TitTi) at (1,0), and integration only involves points uo G S"^^ in an tok~^- 
neighborhood of (1,0), on we have \q(x,uj)/uJo — ^r(m)| < Dt^k'^ for 
some fixed D > and all A; ^ 0. 

There is one further similar reduction that we can make in the variable 
r. Set Rk =: {r : |r — l/u;o| > (to/2)/c^^}. Since 9^$ = tujq — 1, there exists 
> such that \d^(^\ > j3k~^ on Rk. Successively integrating by parts 
in we introduce at each step a factor therefore, the contribution of 
Rk to the asymptotics of flM|) is 0(A;~°°). Summing up, upon introducing 
a cut-off of the form a {k^{r — l/cjo)), we may reduce integration over r to 
the interval Sk where |r — l/cuo] < tok~^. 

We are now ready to prove: 

Proposition 3.1. Uniformly for |6— <jr(m)| > and ||v|| < fc™, ask ^ +00 
we have 



S 



Xk e- 



-ikb{-) 



Proof. Let us consider the inner integral in fl34|) as an oscillatory integral 
in r. We have = r q{x, u) — b + 0{t) ■ r, and |t| < e k~^ on the support 
of Xk', therefore, for some constant C > 0, 



UJQ 

> kT('m)-& 



-) g(x, u) + ("^i^ - <^^(m)) + (?T(m) - b) + 0(r) ■ r 



q{x,uj) 



too 



r glx, uo 



C'ek~^ 



> ck-^ -C'tok-^ -C'ek-^ >-ck-^, 
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if e and to have been chosen sufficiently small. 

In view of the factor XkiT) = X (^^ ''") ? we conclude that successive partial 
integrations by parts in r introduce at each step a factor k'^^~^] the statement 
follows since by hypothesis ^ < 1/2. 

Q.E.D. 

Corollary 3.4. If \ < ^Ti.'m), then J^^ GkikX - rj) diJ,^(k){T]) = O {k'°°) as 
k +00. 

Before giving the second computation of G{kX — rj) dfiq-(k){ri), we 
need to establish some preliminary results. By Remark 13.41 and Proposiion 
13.11 we have: 

Lemma 3.10. Fix C > 0, and define '~ik{C) = sup {lk i^) ^ % i^)} > where 
7,+ (C) =: sup{|s^j_,,,(x,x)| :r/G [^^M + C +00) } , 

and 

7^(C) =: max I S^^}_,k^{x,x) : 7] E (-00, - C k~^]^ . 

Then 7fc(C) = O (A;-°°) as k ^ +00. 

At this stage, it is convenient to make a more specific choice of x- Namely, 
choose ffist ^ G C^(-e/2,e/2) such that ^p > 0, ^{t) > for all t G 
(-e/3,e/3), ^(t) = V^(-t) for all t G M, ||V'||l2 = 1. Then the Fourier 
transform is real. Let x ='■ * i^] then x ^ ^cTl""^' e), X ^ 0, x(^) > if 
t G (-2e/3,2e/3), x(0) = llV^H^a = 1- Furthermore, £ = ■ > 0, and 

^(r)rfrj =||^||i. >0. (37) 

By ( !3711 . there exists 5 > such that 

|A|<5 ^ x(A) > ll^llii/2. (38) 
Passing to the rescaled function Xk, ( |38ll implies 



\X\<6k^ £,(A)>^||^||i,. (39) 
Consequently, if c G M and < 6' < 5, then 

Tk [kc + k^5' , X, x) — Tk{kc^ x) (40) 



XI < T-i^ XI Xk{kc- Xkj) \ekjix)\ 



2 
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A similar estimate holds if —6 < S' < 0. 

Lemma 3.11. Fix i > 0. Then, uniformly for |A — <j7-(m)| > £k~^, we have 
%{k\ + k^b,x,x) -%{k\,x,x)] x{h) dh = O {k~^) 



as k 



-oo. 



Proof. Let us prove the statement for A > i,T{rn)] the case A < ^Tijn) is 
similar. In the present proof, '7fc(r) =: Tk{r,x,x) for r G M, G N. 

Forfc = l,2,...let Jf^ =: (-oo, -(£/3) fc^-^?) , jf ^ =: {-{i/2) k^~^^,+oo) 

Thus J^''^ =: {jf\jf } is an open cover of M. Let {7^} be a partition of 

unity on M subordinate to j(^). Define 'yf\b) =: 7^ {b/k^''^^) (6 G M); then 
{7 -'^'*} is a partition of unity subordinate to J'^^\ For every A; = 1, 2, . . ., 



+00 



[Tk{kX + k^b) -TkikX)] xih)db 
p+00 

J2 / [% {k\ + k^b) - T,ik\)] 7f (6) m db. 
i=i -^-"^ 



(41) 



(k) 

Let us first estimate the summand with j = 1. On the support of 7); we 
have \b\ > {i/3)k^-^^, hence if > then |6| > \b\/2 + {£/Q)k^-^^. Since £ 
is of rapid decrease, for every integer > there exists a constant C2N > 
such that 



\m\ < Q 



2N 



l\b\ + A + lik'-^^ 



< 



N 



G 



2N 



2N' 
N 



-1 



1 



\b\ + l 



Hence for every > there exists a constant C'j^ > such that on the 
support of 7^^^^ the integrand is bounded by (|^|/2 + l) k'^~^ , and so 
the first summand is O {k~°°). 

Let us now consider the summand with j = 2 in (14T1) . Let 6 be as in ( |38l) . 
Suppose first 6 > 0, and write b = 6 [b/6\ + 6', where < 6' < 6. Then 



Tk {kX + k^b) - Tk{k\) 
= % {kX + k^b) - Tfc ( A;A + k^6 



+ 



Tk{kX + k^6 



(42) 
%ikX) . 
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We apply (00]) with c = Cfc =: A + [h/5\ : 



Tfe (A;A + k^b) - Tk (^kX + k^6 



(43) 



2k^ 



% {kck + k^S') - Tfc (kck) < ^^^f L,,(.)(a;,a;) < 



2k^ 



where 7^ is as in Lemma FS.lOi 

Next, setting bkj =: A + {j /k^"^) 5, 



Tk kX + k^ 



S - %{k\) 



(44) 



L6/<sj-i 

\%{kX + {j + l)k^5)-%{kX+jk^5) 



j=0 
L6/5J-1 



^% {k bkj + k^5) -Tk{k bkj) 



j=0 



j=0 



7fc(^). 



(45) 



Similarly, if -k^~^^{i/2) < 6 < then writing b = -6', and b' = [b'/6\ 6 + 
6' with <6' < 6 the analogue of is 



\Tk {kX + k^b) - Tk{kX)\ = Tk{kX) - Tk {kX - k^b') 

%{kX)-% (kX-k^ 



+ 



TAkX- k^ 



5 



TkikX- k^ 



Let us set =: A - A;?"^ [b'/5\ S; since < 6' < (£/2) fc^^^c j^g^^g 

1 



\rk - <^t("^)| > a - i^Tifn)] - 



Therefore, in view of 



we have 



6 > ik~^ --ik^^ = -ik-^. 
- 2 2 



% kX- 



6] - TAkX-0 



%{krk)~%{kru-k^5') < 



2k^ 



S - k^S' 



Xe 



2A;« 



7.(^/2). 
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If furthermore r^j =: A — (j/A;^ ^) 6, then 

Tkj > A - [b'/k^-^] > A - (^/2) A;-« > + (£/2) A;~« 

for < 6' < {i/2) A;i-2€ and < j < [b'/6\. Therefore, as in 



lb'/5\~l 

J2 [Tk{kX-k^j6)-Tk{kX-k^{j + l)6) 

j=0 
[b'/5\~l 

1% {k Tkj) -%{k Tkj - k^6) 

j=0 

2k^ L'-'/^J-i 

< ^ E si'^_^,^^^,,{x,x)<ck^\b\jkm- 

LI i=0 



Summing up, on 



(k) 



%{kx+k^b)-%{kx) m <ck^{i + \b\)x{b)ik{^m 



for some constant C > 0; we conclude from Lemma [3.101 that the summand 
with j = 2 in dH]) is also O {k-°°). 

Q.E.D. 

Corollary 3.5. Fix i > 0. Then, uniformly in (A, xi, X2) G M x X x X such 
that |A — i^j) I > ^ ^"'^ /or j = 1, 2, we have 



+00 



Tk {kX + k% xi, X2) - Tk {kX, xi, X2) xib) db = . 



Proof. This is really a consequence of the proof of Lemma 13.111 Suppose 
6 > (a similar estimate holds for 6 < 0). Then 



Tk [kX + k^b, xi, X2) - % {kX, Xi, X2) 



^ Cfej- (Xi) Cfej- (X2) 

j:kX<Xkj<kX+kib 



< I |efci(a;i)r 

j:kX<X^.j<kX+k^b 



jf:fcA<Afcj<A;A+fc^b 



7^ (fcA + /c^fo, xi,xi) - 7^ (A;A,xi,xi) ■ W Tk{kX + k^b,X2,X2) - Tk{kX,X2,X2 



The statement follows from this and the bounds established in the proof of 
Lemma 13.111 
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Q.E.D. 



Now we can give the second estimate of Gk{kX — t]) diiq-(k){ri). Let 
H denote the Heaviside function. Recall that Xkip) = (l/k^) X (V^^)- Then 



+00 



— 7 

Gk{kX - Xkj) Ckjix) ■ Ckj + -^J 



/ i,k\-\ 



Xkip) dbj ekj{x) ■ ekj (^x + 



H[kX~ Xkj - b) Xkip) dbj ekj{x) ■ Ckj (^x + 



00 
+00 



Nk 



Y^^H{kX- Xkj - b) ekj{x) ■ Ckj (^x + 
Tk (^kX -b,x,x + -^=^ Xk{b) db 



Xk{b) db 



Tk(^kX,x,x+ J Xk{b)db 



+ 



Tk [ kX — b,x,x -\ — 1= \ —Tk{ kX, x,x -i — -= 



VkJ 



VkJ 



Xk{b) db 



271 Tk ( kX, x,x + 



Tk { kX — k^ b, X , X -\ ^ \ —Tk \ kX, x,x + — ^ 



VkJ 

271 Tk (^kX, x,x + + O (k-^) 



X{b) db 
(47) 



in view of Corollary 13.51 

To complete the proof of Theorem 11.11 we need only compare Corollary 
[331 and il!). 

Q.E.D. 
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4 Proof of Corollary 11.2 



Since it is 5 ^-invariant, the diagonal restriction 7^ {rj, x, x) may regarded as 
defined on M; let us set %k {v^ ^) =• ^ iv^ x,x) if m E M and tt (x) = m. 
Clearly, 

dim (^4^^)) = J^ %k {kX,m) dVM{m). 

For any sufficiently small e > 0, consider the disjoint union 
M^'^ U M^'\ where m['^ =: M<A-e, M^'^ =: M^x+e H M^;,_^, and M^'^ =: 
M^;^^^. By Theorem O we have Tfc(A;A,m) = (k/Try + O {k"^-^) uni- 
formly on m['^\ and %k{kX,m) = O {k^°°) uniformly on M'^\ Since A 
is a regular value of <;t, ^i^^ is contained in a (a e)-neighborhood of M; 



A, 



for some fixed a > 0; therefore, its volume is 0(e). By the same token, 
vo1(M<a) - vol(Mf ^) = 0(e). 
Thus 

3 

= vo1(M<a) +0(eA;^) + 0(A;-°°). 

Hence, limk^+^i-n / kf dim (^\//^^) = vo1(M<a) + 0(e), for any e > 0. Let- 
ting e — i> 0+, we get the statement. 

Q.E.D. 

Remark 4.1. By the same argument, the weak limit of {T[/k)^%k {kX, ■) as 
k +00 is the characteristic function of M<a- 



5 Appendix 

Although not strictly necessary, let us briefiy pause give a direct derivation 
of the asymptotic expansion which, in view of fH7j) below, is equivalent to 
the scaling limit discussed in the introduction (cfr [SZ]). Let us now suppose 
A > <^r(a;). Before we proceed the following remark is in order. 

Let z/ > be such that A > ^T(a^) + 3 i/, and choose g G C^(ffi) such that 
g > 0, g{b) = liib e {'iT{x)-i^,'iT{x) + i^), g{b) = ifb ^ {<^t{x)-2u,^t{x) + 
2z/) . Multiplying the integrand in flH^ by the identity 1 = g{b)-\-(^l—g{b)) the 
integral splits as the sum of two terms. In the second of these, the integrand 
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is supported where \b — <iT{x)\ > by Proposition as k ^ +00 this is 
rapidly decreasing. 

Therefore we need only worry about the first summand. We may thus 
assume that the integrand is compactly supported in b, tacitly absorb the 
cut-off in the amplitude, and rewrite ( IMl) as 



»+oo 



^d+3 



(2vr) 



UJl 



D 



2d+2 

TT Jl/2 Jl/C 



(48) 



dvL duo. 



where d^ = dt dO dd db dr dr. Integration in du is over a ball of radius O (A;^/^) 
in C^. 

We are now in a position to apply the stationary phase Lemma to de- 
termine the asymptotics of the inner integral in fl48p . by viewing u G 
and a; G S* as parameters. A straightforward computation then leads to the 
following: 

Lemma 5.1. For every G 5 = Ss, $ = ^{t,6,'t},b,r,T) has the unique 
stationary point Rq = {to,9o,'do,bo,ro,To) = (l, 0, 0, u;)/ti;o, l/tuo, O) . At 
Rq, the Hessian of ^ has determinant det ($"(i?o)) = —^o- 

Since uq > 6 > on S, the stationary point is always non degenerate. 
Furthermore, $(i?o) = and det (fc $"(i?o)/27rz)^^^ = (fc/27r)^cJo. Let us 
make the assumption x(0) = 1. In view of Remark 13.81 the stationary phase 
Lemma implies that the inner integral in (HHl) is given by 



d-3 



N 



+ R 



N, 



where ||i?Ar(u, cj, v) ||^^ < e-^i-^^SK'""")-^"'/^ A;-(^+i)/2 (here < i;< 1) 
on the domain of integration in (u, cui). 
Writing /i = we have 



+00 



G{k\ — 1]) dij,q-(k){r]) 



4d 





/ gV'2 (i^O U,v) \ / 











vrd (27r)2d-i 

TV 



/i ^ Cj 



i?iv(u,u;, v) 



(49) 
du doj 
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We have a unique stationary point at u = a;i = 0. At this point the Hessian 
has determinant one, and therefore 



/+00 
G(kX-ri)diir(k){v) (50) 
-oo 

The previous expression also gives the correct bound on the remainder. 



References 

[BPU] D. Borthwick, T. Paul, A. Uribe, Semiclassical spectral estimates 
for Toeplitz operators, Ann. Inst. Fourier (Grenoble) 48 (1998), no. 
4, 1189-1229 

[BSZ] P. Bleher, B. Shiffman, S. Zelditch, Universality and scaling of cor- 
relations between zeros on complex manifolds, Invent. Math. 142 
(2000), 351-395 

[BG] L. Boutet de Monvel, V. Guillemin, The spectral theory of Toeplitz 
operators, Annals of Mathematics Studies, 99 (1981), Princeton 
University Press, Princeton, NJ; University of Tokyo Press, Tokyo 

[BS] L. Boutet de Monvel, J. Sjostrand, Sur la singularite des noyaux 
de Bergman et de Szego, Asterisque 34-35 (1976), 123-164 

[C] M. Christ, Slow off- diagonal decay for Szego kernels associated 

to smooth Hermitian line bundles, Harmonic analysis at Mount 
Holyoke (South Hadley, MA, 2001), 77-89, Contemp. Math. 320, 
Amer. Math. Soc, Providence, RI, 2003 

[GS] A. Grigis, J. Sjostrand, Microlocal analysis for differential opera- 
tors. An introduction, London Mathematical Society Lecture Note 
Series, 196 (1994), Cambridge University Press, Cambridge 

[H] L. Hormandcr, The spectral function of an elliptic operator. Acta 

Math. 121 (1968), 193-218 



32 



R. Paoletti, On the Weyl law of a Toeplitz operator, preprint 

B. Shiffman, S. Zelditch, Asymptotics of almost holomorphic sec- 
tions of ample line bundles on symplectic manifolds, J. Reine 
Angew. Math. 544 (2002), 181-222 

G. Tian, On a set of polarized Kdhler metrics on algebraic mani- 
folds, J. Differential Geom. 32 (1990), no. 1, 99-130 

S. Zelditcli, Szego kernels and a theorem of Tian, Int. Matfi. Res. 
Not. 6 (1998), 317-331 



33 



